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. Introduction

nsider the real line with its usual (Euclidian) topology, and a

bbase Bfor this topology consisting of open half-lines;
£ - {(a, =)|ag A JU (==, b)|bEA].

is easy to prove that for,fgto be a subbase, the sets AL and AR

st be dense subsets of the real line., From this fact it follows that

r each aE.AL resp. AR:

4 =) =U{(b, «)[b€A, b > a} resp. (==, 8) =U{(==, b)[bEar, b < al.

L’
nce, if we remove an arbitrary set (a, =) or (==, b) from the subbase
then the resulting collection of open sets remains a subbase for

9

le topology-.
' we consider the subspace Z of the integers, then the situation is
fferent. Let 2 be the following subbase:

L = {(-=, x)NZ|keL}U{(k, =)NZ|xeLZ}.

* we remove some set (-, k) fromjg, then the resulting collection is
subbase for a new topology in which any open set containing k-1 also

mtains k. In fact the subbase fsis a minimal subbase in the

»llowing sense:

lere exists no proper subcollection of L that is a subbase for the

ypology generated by ‘30

; we have seen the discrete space Z possesses a minimal subbase.
; seems that the real line does not possess such a subbase, but in
et we only have shown that there exists no minimal subbase for the

s:al line consisting of open half-lines.

1 this report it will be shown that an arbitrary metric space possesses

subbase which is minimal in the sense defined above.

1 the proof we shall construct a minimal subbase starting from =
-discrete base for the topology. Furthermore, we shall use the notion

* a minimal neighborhood subbase for a point p; this we define to be




11ection O_of neighborhoods of that point p with the property that
family of finite intersections of (A is a neighborhood base for p,

that no proper subcollection of (A generates a neighborhood base of

his report the characters H,O,SD,U{ etc, will denote collections
ubsets of a given topological space X, The collection of all finite
rsections of sets taken from (Awill be denoted by'C{ﬁ their

trary union byavo

efinition y(Q) = (Qf\)vo

expression "A is generated by () Wwill express the fact that Aey(@Q).

. metric space we denote the open e-neighborhood of the point p by

)e

pt for the general properties of section 2 and the example in section
1 spaces considered are metric,

bminispace is a topological space that possesses a minimal subbase,
ection 2 we state some elementary properties on minimal subbases,
proofs of which appear in a separate report [‘I:[ Section 3 contailns
proof that each metric space is a subminispace. Section L4 gives the
truction of a completely regular space that possesses no minimal

ase.

Some elementary properties on minimal subbases,

proofs of the propositions stated in this section appear in a

irate report; see [1]»

. 1: A subbase Bis minimal if and only if for each 5€8, sé&y(3\{s}).

yace that possesses a minimal subbase will be called a subminispace,

). 2: The topological product of subminispacesis a subminispace-

—y——

5. 3: The disjoint topological union of subminispaces is a submini-

space.

1 prop. 2 and prop. 3 it follows directly (given the fact that each

‘te space is a subminispace) that each Cantorspace, each discrete




pace, and each product of discrete spaces (for example the space of

he irrational numbers) is a subminispace.

rop. L4: Any topological space (not necessarily metric) can be embedded
in a subminispace a) as a clopen subset where the complement

consists of isolated points, b) as an open dense subset,

rom prop. 4 it follows that the property "subminimality" is not inherite
y open, closed or dense subsets. We depend here on the existence of
space that is not a subminispace, which will indeed be provided in

sction L,

3. Minimal neighborhood subbases

afinition: A collection Ol of subsets of a topological space X is

illed a neighborhood subbase for the point peX if Q is a neighbor-

>od base for p.

neighborhood subbase OLfor p is called a minimal neighborhood subbase

or p if there exists no proper subcollection Of of QUsuch that Q' is

neighborhood subbase for p.

(th this notion it is possible to "localize" the notion of a minimal

lbbase. We have the following proposition:

'0p._5: A subbase Lof a topological space is a minimal subbase, if
and only if for each SE€% there exists a point p €S, such
that the collection & (p,8) = {U63|p €U, U # S} is not a
-]

neighborhood subbase for p.

:g_g_f_:%Let 2, be a minimal subbase; then SE€ES = Séy(S\{S}).

w we have that (8\{S})A is a base for the topology y(8\{S}); hence
ty®\{S}) means that there exists a point p €S such that there is no
t ue B\{s} with peucs. '

N\
1is implies that there exists no open set in (_%’<D ) that is con-

»S)
\ined in S.

\is proves the fact that 8'< s) is not a neighborhood subbase for p.
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se8. Then there exists a point peS, such that'%'( is not a

hborhood subbase of p. This means that there existspéi)open set
aining p which is not a neighborhood of p in the topology y(S\{s})
proves the fact that y®&\{s}) # y(R),

e S was taken arbitrarily from &, this means that 8 is a minimal

ase,

a: Let p be a point of a metric space M and let O be an open set
aining p. Then there exists a minimal neighborhood subbaser

isting of open subsets of 0, If p is not an isolated point we may
me that O =U{U|U€Qp}e

f: Suppose first that p is an isolated point. Then we take
Hp}} and the proof is trivial. Therefore, we suppose in the fol-|

L
ng that p€ O\{p}.
se a sequence {Xi}:=1 of points from O such that:

fa,s= o(p, Xi) then {ai}z=1 is a monotone descending sequence

converges to zeroe.

(p) is contained in 0.

o
1
Vk be Ua (p), and put VO = 0,
2k
0\V, # @ and for each k Vk\vk+1 # @, since x,€ O\V1 and
1 €Y\ Ve

s easy to see that {Vi}:=1 is a neighborhood base for p.

we take W, = V., and W=V, U(0\V, ) for k > 2.

{Wi};{,ﬂ =O.P is a minimal neighborhood subbase for p.

can be proved the following way.

he first place Vk = jf=k]1 Wj for each k, hence Qp is a neighborhood
for p.

the construction of the Wi’s it follows that each set in
}oio=1\{wk} )A contains the non empty set Vk_1\vk, hence no proper
ollection of'aP is a neighborhood subbase for p. ThusCl,p is minima




t is easy to see that 0 = kL)1 Wko

t is useful to remark that for each point q€O0, q # p, the intersection

f all UeQ_‘p with q€U is an open set.
heorem: Each metric space possesses a minimal subbase.

roof: Let {X, p} be a metric space. From the metrization theorem of
ing (see [2]) it follows that there exists a o-discrete open base

) = kgj%( for the topology such that—:ﬁk is discrete for each k.

rom the baseBwe construct by induction, for each natural number k,

collection of open setss,k and a discrete closed subset D_ of X,

k
ach that the following conditions are satisfied:

) D, DD, ;3 D, is a discrete and closed subset of X.

Put X, = X\ D> X

X = X,

0
)5k38K_1; for each S€X . Sdgk_1 implies that S is an open subset

of Xk—1'

) Each S€ Sk is either a set consisting of one isolated point, or
else there exists a point p€& Dk such that 51{ is a neighborhood
subbase for p, and 8k\ {S} is not a neighborhood subbase for p.

) @1;&ncy<8k>.
n=

) For each y&X_ the intersection an(m{s[seg , y€S}) is an open

set.

mstruction: For k = 0 we take D, = 1) and_gk = @3 then 1), 2), 3), L)
d 5) are fulfilled.

w we suppose that the construction is performed for k < no

H constructg and Dn+1 in the following way:

n+1
't 0 be an open set of@nﬂo Then there are two possibilities:
OﬂXn only consists of isolated points. In this case we put

8

» There exists a non-isolated point x

ne1(0) = {{x}|x€00x }, ana D, (0) = 4.

O€ OﬂXne Then we take

=
Dn+‘|(0) on}e




V be the intersection V=X NoN(N{s€8 |x,€8S}), then V is an
| neighborhood of X by 5). As in the proof of the Lemma we construct

:ighborhood base {U‘].}Bf’:1 of x, such that U,€ V' and V\T, # 83

Uj+1CUj and Uj\Uj+1 # @ for each j.

ow define an(O) = {U1}U{((Xnﬂo)\ﬁj)UUj+1}§=1@

we see that gn+1(0) is a minimal neighborhood subbase for x. con-

ing of open sets contained in XnﬂO such that their union eguals
0, and that for each point yEXnn 0, vy # Xgs the intersection of
U€5n+1(0) containing y is open.

eG:,n_'_1 is a discrete collection of open sets, we can perform this

truction for each Oe(anr1 simultaneously. Now we define:

=p U(UD_,, (0)|oe®,.}) and Sn” =5nu(u{8n+1(o)Io&Gan}).

s easy to check that with this construction the conditions 1), 2)

k) and 5) are fulfilled.

let " be the union M & . It is clear that

kLo_:)1 Q)kC Y<k§)1 8k) = y(g’“); hence 5* is a subbase.

. set in %’x— is either a singleton consisting of an isolated point

n element which is contained in a minimal neighborhood subbase for
point x in some Dk‘

ST be the collection of all singletons in %*‘ and 8; = 5*\5?0

GS; there exists a k such that SE,@K but S ¢8k_1°

- there exists a point x €D, such that'gk\{s} is not a neighborhood

ase for x. But for each UeS*\Sk we have x € U; hence %*\ {S}

n is not a neighborhood subbase for x.

=

3;‘ be the set of all singletons {x}€g1 such that {x] éy(%g)g
it is clear that {x}& Y(S*\{x}), hence g*\{x} is not a neighbor-
subbase for x. Now we form the union S = S;U%;

s clear that 8 is a subbase for the space’X and by prop. 5 we have

% is a minimal subbase, which completes the proof of the theorem.




L. An example of a non-subminimal space,

y adjoining one non-isolated point to a discrete space
e construct an example of a space which has not a minimal subbase.

t is clear that the resulting space is a normal space.

et A be a set with card(A) =)’S/‘1 and let < be a well ordering for A,
uch that each proper <-section is countable. Now we form the product
x A, Let » be a point not contained in A x A; then we define the set
by X = A x AU{=},

e define a topology on X by means of the following open subbases :

)= {{x}]xeA x A}U\j/(w), where

(») = {U|»€U and VaCAHt(a>€A VbeA t(a) < b= (a, b)eU]},

> a neighborhood of « is a set U that contains from each set {a} x A a
ailpiece.

n this topology the intersection of a countable collection of neigbor-
cods of « 1s again a neighborhood of =,

he weight of this space is greater then 4}1, as can be concluded from

"diagonal construction" in a "neighborhood base of «"

or

ow let ‘gbe a subbase for the topology. Then card(g) > _:&l10
or each x €A x A there exists a finite subset ?)(x) of S such that
\{s[se$(x)} = {x}.

st 31 = 3\U{S(x))x€A x A}, Then card(51) > J%\,io

£ _9) is a minimal subbase then we may conclude:

>r each 8631,3\{8} is not a neighborhood subbase for =,

sance if ST('\MOF\SRC.S, Se£1, and S coos skeg then S = Sj for some
= 1 9 6 0 o 9 k@

with cardinality

19

>w we take a countable collection {Sj};ﬂ from 81 .

> have that ﬂ1 Sj is a neighborhood of =3 hence there exists a finite
J= £

>llection U,, ..., U_ such that «€U . N.,.NU, C .[] S.,
1 k 1 K 5=1 7

rom this we conclude that Sj = Url for 1 < nj < k which gives a

ntradiction. J
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